Can we live in the bulk without a brane? 
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We suggest a braneless scenario tiiat still hides large-volume extra dimensions. Ordinarily tiie 
strength of bulk gauge interactions would be diluted over the large internal volume, making all the 
four dimensional forces weak. We use the fact that if the gauge fields result from the dimensional 
reduction of pure higher-dimensional gravity, then the strengths of the four dimensional gauge 
interactions are related to the sizes of corresponding cycles averaged over the compact internal 
manifold. Therefore, if a gauge force is concentrated over a small cycle it will not be diluted over the 
entire manifold. Gravity, however, remains diluted over the large volume. Thus large-volume, large 
mass-gap extra dimensions with small cycles can remain hidden and result in a hierarchy between 
gravity and the other forces. However, problematically, the cycles are required to be smaller than 
the higher-dimensional Planck length and this raises concern over quantum gravity corrections. We 
speculate on possible cures. 



A low-budget yet concrete observation about our uni- 
verse is that it is four-dimensional, and although human 
beings by the billions confirm this observation daily, it 
might not be true. Our universe may have multiple 
extra spatial dimensions and only appear to be four- 
dimensional. Extra dimensions could hide if they are 
curled up so small that no observations to date could 
excite modes energetic enough to probe these directions. 
Originally, interest in large- volume extra dimensions in- 
spired braneworlds as a new means to hide the extra di- 
mensions ~ float our universe on a 3-brane and confine 
all Standard Model fields to that braneworld [l-'-i]. In 
this article, we describe a braneless alternative that al- 
lows us to hide large- volume extra dimensions. The in- 
ternal manifolds have in common three essential features: 
(1) large volume, (2) lowest modes that are energetically 
expensive despite the large volume, and as we will see 
(3) some small Killing cycles. However, the small cycles 
are very small and therefore penetrate quantum gravity 
scales as we discuss shortly. 

We can lend intuition for why these three features arc 
essential. Part of the picture was presented in a previous 
article [4]. It is commonly assumed that the larger the 
volume, the lower the natural harmonics on the space. 
The lower the notes, the less the effort that is required 
to play them. If we were not confined to a brane, we 
should expect to have observed a large internal volume 
already. However, this expectation is contradicted by 
an infinite number of known manifolds that despite their 
large volume have no low notes [4-8] . Such spaces would 
remain hidden despite their large size because it remains 
too energetically expensive to probe them. 

Still, an expensive spectrum of modes is not sufficient 
to free the world from incarceration on a brane. If Stan- 
dard Model fields were allowed to live in the bulk, it 
might seem that the strength of all the gauge interac- 
tions would be diluted over the large volume - just as 
the strength of gravity would be diluted - and all forces 



would be weakened relative to the true fundamental scale. 
For this reason. Standard Model gauge fields were local- 
ized on a brane while the gravitational field inhabited 
the bulk. This split between habitats enforced a hierar- 
chy between gravity and particle physics [1-3]. 

If we are to do away with the brane altogether and 
allow all fields to fill the bulk, then we need to save the 
gauge couplings from dilution over the large internal vol- 
ume. Wc show here that this is possible if the gauge fields 
are generated by the dimensional reduction of a purely 
gravitational field - as in the original Kaluza-Klein re- 
duction [9, 10] - and there are some small Killing cycles 
around the internal volume. In this picture, a photon is 
really a metric oscillation around an , and the strength 
of its coupling is inversely proportional to the size of that 
cycle. So while the volume is large, electromagnetic in- 
teractions involve only one small circle and not the entire 
manifold. The dilution over the internal volume is com- 
pensated by localizing all gauge interactions over small 
cycles, instead of confining them to a brane. 

We will review the dimensional reduction of gravita- 
tional fields from a higher-dimensional universe down to 
a 4-d universe and show that the conditions we want our 
manifold to satisfy are the following: 

Large Volume: Under dimensional reduction, the in- 
tegrated volume V (in units of M^) is related to the ratio 
of the observed 4-d Planck mass, rrip, to the fundamental 
higher-dimensional Planck scale, M ^ TeV, through 



This only generates a hierarchy if the Higgs mass is small 
compared to rup. Since the 4-d metric is not warped, any 
bulk scalar field added by hand will automatically have 
the mass it did in the bulk [1, 2]. Although vacuum 
expectation values and couplings will be affected, com- 
binations of them lead to invariant masses [4]. So if the 
Higgs is a bulk scalar field of mass M in the bulk, it will 
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reduce to a 4-d scalar field of mass M. 

Large Mass Gap: The mass gap, set by the mini- 
mum non-zero eigenvalue of the Laplacian on the internal 
manifold, must be large to suppress Kaluza-Klein excita- 
tions, a condition we express as. 



TTlKK ^ M. 



(2) 



Small Cycles: Some of the 4-d gauge couplings, i.e. 
those of the Standard Model, must be of order one. The 
4-d gauge couplings can be expressed as 



)1/2mV1/2 



(3) 



where {s^)'^/'^ is the root mean square of the circumfer- 
ence of the corresponding Killing cycle over the internal 
space (as we review below [11]). Setting this ~ 1 gives 



(4) 



When all three conditions are met, we have large- volume 
extra dimensions that can be hidden without invoking a 
branc while still affecting a hierachy between the weak- 
ness of gravity relative to particle interactions. 
However, problematically, by Eq. (1) in Eq. (4), 
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The cycles corresponding to gauge interactions are 
smaller by a factor of the hierarchy than the higher- 
dimensional Planck length, leading to curvature invari- 
ants (or analogous topological invariants) that are large 
and susceptible to uncontrolled quantum corrections. We 
will consider internal manifolds that are a direct product 
of submanifolds as well as internal manifolds that arc 
warped products of submanifolds. Although the inter- 
nally warped spaces seem promising in that the small 
cycles are of order M~^, the warping shrinks the cycles 
over the span of the manifold so they are metrically small 
in places. Consequently, we run into trouble with large 
curvature invariants and cannot claim controlled quan- 
tum gravity corrections. 

Gravity Reduction 

The gravity reduction of Kaluza and Klein [9, 10] pro- 
vided a remarkable, explicit demonstration of unification: 
a metric flux around a circle in 5-d appeared to the 4-d 
world as the photon. Since then, all manner of gauge 
groups have been shown to result from the dimensional 
reduction of pure gravity over higher-dimensional mani- 
folds. We consider pure (4 -I- A^)-d gravity 
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on a product space M x J\f, where M is 4-d and the 
internal A^-d manifold Af has isometry group G- Let us 
consider only zero-modes under dimensional reduction, 
which is equivalent to assuming that the Kaluza-Klcin 



excitations of the metric can be ignored at the energy 
scales we are considering. Then we use the ansatz for the 
metric [11, 12] 
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where /i = 0, 3 runs over 4-d coordinates x and m = 
5,..., 4 -I- N runs over the internal coordinates y. The 
^™(y) are the Killing vectors of M that under the Lie 
bracket obey the algebra of the isometry group of the 
internal manifold, 



(8) 



with Cjj '^ the canonical (^ 1) structure constants of the 
algebra. In words, the internal spacetime symmetries 
appear to us in 4-d to be proper gauge symmetries, and 
the off-diagonal excitations of the metric camouflage as 
gauge fields. 

After dimensional reduction, we get 4-d gravity with 
metric g^^, 4-d Yang-Mills gauge fields with gauge 
group isomorphic to G, and scalar field moduli from the 
internal metric gmn, 
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where F^^ = d^^Al - d^A^ + Gj^^Af.A'^ is the standard 
non-abelian Yang-Mills curvature. The ... indicates addi- 
tional moduli terms, including curvature terms like R{g) 
that serve as a potential for the moduli of the internal 
dimension and/or contribute to the cosmological con- 
stant. (While both moduli stabilization and the cosmo- 
logical constant are important problems for any higher- 
dimensional model, we defer to the rich literature on the 
subjects.) 

Integrating the Einstein-Hilbert term over y, we see 
that the (4 + N)-d Planck constant is related to to 4-d 
Planck constant by 



V = M 



N 
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This is the first condition, Eq. (1). The internal volume 
under dimensional reduction must be large relative to the 
fundamental scale M. 

For a given simple part of the gauge group, the kinetic 
coefficient of the gauge fields can be chosen diagonal, and 
its coefficient will be related to the 4-d gauge coupling 
gid, 



{gmn£,i £,j ) 
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where {ip{y)) = M^V ^ J d^yy/g(p{y) indicates an aver- 
age of a function ip{y) over the internal volume. 
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The action is then the canonical action for 4-d gravity 
with 4-d gauge fields: 



S 



(12) 



The massive gravitons corresponding to Kaluza-Klein 
modes for the metric that would appear in the action 



have masses 



corresponding to eigenvalues of the 



scalar Laplacian on the higher-dimensional manifold, 



(13) 



To suppress Kaluza-Klcin modes, we require non-zero 
eigenvalues of the Laplacian to be large. 



> M 



(14) 



This is the second condition, Eq. (2). 

To obtain the third condition, Eq. (4), we give a min- 
imal review of the argument in [11], to show that gauge 
coupling constants in the lower dimensional theory, given 
by Eq. (11), can be interpreted as averaged circumfer- 
ences over the compact internal manifold. Given a com- 
pact, simple Lie group acting on a compact manifold, 
there is a Killing vector ^™ corresponding to each Lie 
algebra generator T^. A generic Killing vector ^"^ gen- 
erates closed orbits y™(A), parametrized by some A, in 
the corresponding compact manifold. 



dX 



r™(A) =f"(y(A)). 



(15) 



Given a starting point y for the orbit, the solution is 

r"(A,y) = e^«"(^)^"y™(0,y), (16) 

where the partial derivative in the exponent is with re- 
spect to y. This generates the exponential map on the 
group manifold, and since the generators are normalized 
canonically (structure constants are ~ 1), and the group 
is compact, the curve comes back to its starting point 
after some order one range of A (usually Amax = 27r). 
The circumference of this curve is thus 
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By differentiating the quantity in the square root with 
respect to A, using Eq. (15), and using Killing's equa- 
tion C^^g^u ~ 0, it is straightforward to check that the 
integrand is actually independent of A, so we have 



S{y) - VSmn^^e 



(18) 



Taking the average as y varies over the submanifold 
Af, we have from Eq. (11) 



1 



(19) 



The argument also generalizes to the case of a U{1) 
group factor, though one has to couple in matter to read 
off the coupling strength [11]. Weak or strong gauge cou- 
plings correspond to large or small cycles respectively. 

Direct Product Spaces: No Warping 

Consider first example a direct product of 4-d 

A4 with an A'^-dimensional manifold built from a string 
X ... X S*", of hyperspheres of radius Ri [4] taken 
in product with one much smaller n-sphcrc of radius i?2, 
so TV = n{D + 1). The gauge fields will come from the 
smaller sphere, and we have (s^)^/^ ^ i?2- By our 3 con- 
ditions, the internal space is subject to the constraints: 



V = Vf^Vs, ~ (i?iM)^"(i?2M)" ^ {mp/Mf 
■niKK M, 

52 ~ (i?2MVi/2)-i ^ {R^rup)-' ^ 1 . 



(20) 



Choosing i?2 ^ n^p^, Ri It and D ^ 1 easily 

satisfies all 3 conditions. The gauge fields from i?2 couple 
with strength 52 ^ 1 while the string of large S'"'s will 
couple with a strength suppressed by a factor of M/nip ^ 

10-16. 

In general we can build the internal manifold as a prod- 
uct of any large- volume, large mass gap space with highly 
diluted gauge couplings times a small manifold with undi- 
luted gauge couplings. Another interesting internal man- 
ifold is provided by a squashed in product with a small 
space. Unlike the previous example, this manifold does 
not require large dimensionality. The large volume, large 
mass gap comes from the squashed as was shown in 
[1.3, 14] while the undiluted gauge coupling could come 
from a small internal manifold such as CP^ X §2 X §1, 
which has the isometrics of the Standard Model gauge 
group [15]. 

There are an infinite number of 2-surfaces that could 
participate in this construction. In [4], compact hy- 
perbolic 2-surfaces were considered. Surfaces of arbi- 
trarily large genus, and therefore arbitrarily large area, 
A = 4:TT{g — 1)R^, were shown to have minimum eigen- 
value of roughly fcmin - l/(2i?) [16-21]. With R ~ M'^ 
and g 3> 1, these qualify as large mass-gap, large- 
volume manifolds. Additionally, hyperbolic spaces have 
no Killing vectors and so would not contribute any addi- 
tional, unwanted gauge fields. We could equally well take 
the internal space to be a product of these large- volume, 
large mass-gap manifolds with a small internal manifold 
whose isometrics generate the Standard Model. 

These direct product spaces have a nice interpretation: 
There is a large internal volume but gauge fields corre- 
spond to excitations along small cycles and so do not 
require ringing the whole big manifold, just a small piece 
of it. Therefore the gauge coupling is not diluted, while 
gravity is. 

Despite this nice interpretation, these examples are 
fiawed. One of the geometric scales, rrip^, is many orders 
of magnitude smaller than the fundamental length scale. 
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M~^, with the considerable disadvantage that small cy- 
cles might force us into quantum gravity arenas, un- 
dermining the consistency of the analysis. The con- 
cern is that higher-dimensional operators of the form 
, R^i.R'^" ■■■ become significant. Before we speculate 
on possible resolutions, we turn to warped internal spa,ces 
next, although we will see that these also have the prob- 
lem of small cycles. 

Warped Internal Spaces 

Consider now a product of M with an internal space 
Af ~ X Mg that is a product of a swath of the hy- 
perbolic plane, iJ^, with coordinates y, z, and a space 
Afc with coordinates and metric gmn with isometry 
group the desired gauge group. Let A/g carry a warp 
factor f(jj) dependent on only the y coordinate of the 
hyperbolic plane (note that the warping is internal and 
that the 4-d metric carries no warp factor), 

ds^ = gf,^dx''dx'' + f{y)gmndx"'dx'' + — {dy^ + dz^) . 

^ (21) 

We have used the upper half-plane representation of the 
hyperbolic plane, with L the curvature scale. We take a 
square swath on the plane between the limits < z < 1 
and e < y < \ where e is small but non-zero in order to 
render lengths and areas finite. 

In order for all components of the higher-dimensional 
metric to transform properly under the gauge transfor- 
mations and create the illusion of gauge bosons, we re- 
quire the Killing vectors that generate them to be Killing 
vectors of the entire metric, not just of the submanifold 
Ag • But because the warp factor depends only on the co- 
ordinates of i/^. Killing vectors of A/g are automatically 
Killing vectors of the entire internal manifold. Finite vol- 
ume hyperbolic manifolds do not have Killing vectors and 
so do not introduce additional gauge fields. 

Choosing /(y) = ay, with a some order one constant, 
and a submanifold Mg of dimension 2 and un-warped 
volume VaAg ^ 1 in units of M^, the 4-d Planck mass by 
Eq. (10) is 

= V^^M^L^j^ dz J dy y-'fiy) 

= aV^f^iLM)Hnil/e). (22) 

The 4-d Planck mass is then large if we take e very near 
zero. We thereby meet condition Eq. (1) to create a 
weakened strength of gravity compared to a fundamental 
scale. 

To check the mass gap of Eq. (4), we note that the 
KK modes on Mg should be of order M~^. Also, the 
eigenmodes on the swath of the hyperbolic plane should 
be subcurvature modes and therefore the eigenvalues are 
bounded from below by 1/(2L) so the mass gap is com- 
fortably large for L ^ M^^. 

The gauge couplings are set by the normalization of 
the Killing vectors, Eq. (11). Due to the factor of gmn 



in that inner product, an additional factor of / is intro- 
duced so that the gauge couplings consistent with Eq. 
(19) are set by V{s'^) = Vu^R^W^L"^ J {f ly'^)dzdy = 
a^V/Zc {LMYR^(1 — e) where R is the characteristic size 
of the un-warped cycle on the submanifold A/g . It follows 
that 

(^aM'LRVll^y' . (23) 

For Vj^a ~ I^^I ~ R^'I - a - 1, we have an 0(1) 
coupling. 

The hierarchy between fundamental scales has been 
shifted to a hierarchy between geometric scales. As with 
the direct product, the warped internal product dilutes 
gravity over a large internal volume while gauge fields 
correspond to excitations over small cyles. Unfortu- 
nately^ also like the direct product, the cycles vary by 
\/Yiy)R S'lid are metrically small in places. The hazards 
of quantum gravity thus reappear as the bulk Ricci scalar 
on the internal space is larger by the warp factor than is 
tolerable, with a contribution of the form f^^R{g). 

Speculation 

It may be that there is a no-go theorem that ensures 
the small cycles we need are always catastrophically small 
if there are no branes. On the other hand, although we 
did not present the calculation here, we find the dimen- 
sional reduction of pure gravity where the external 4-d 
space is warped as in Randall- Sundrum - as opposed to 
the internal warping detailed above - does allow for gauge 
fields to live in the bulk with order unity gauge couplings 
following this prescription. However, this construction 
is less novel, and furthermore, the hierarchy requires the 
Higgs to be constrained to a brane so does not qualify as 
braneless. 

Finally, it is a celebrated result of string theory that 
small cycles are controlled in the UV theory as extra 
light degrees of freedom resurface and naturally resolve 
any metrical divergences [22]. We speculate that in a 
stringy formulation, a similar resolution may allow a fully 
braneless model with small cycles and good gauge cou- 
plings. If string theory is the UV completion, there is 
also the worry that winding modes around a homotopi- 
cally non-trivial small cycle can become light, since their 
mass ~ R/a'. This is not a problem if the Killing cy- 
cles are homotopically trivial, as in our example with 
spheres S"". We also mention that there are explicit ex- 
amples of hyperbolic 3-folds with large volume and small 
geodesies (see Snappca [23]). The curvature invariants 
could be stabilized at while sustaining large volume 
and small cycles. Additional operators based on curva- 
ture invariants would be controlled, skirting the problem 
of small cycles. 

There are of course other issues that must traditionally 
be confronted in any Kaluza-Klein scenario, such as the 
incorporation of chiral fermions and stabilization of mod- 
uli. In the meantime, it is encouraging that a braneless 
cosmos might hide large- volume extra dimensions. While 
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all fields are smeared out over the large-volume, interac- 
tions with gauge fields are concentrated over relatively 
small cycles and thereby manage to remain undiluted. It 
is intriguing to imagine that we live smeared out over a 
large drum and our experience of forces other than grav- 
ity are an illusion created by the cadence of small hidden 
subspaces. 
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